Our recent results ͓N. L. Manakov et al., Phys. Rev. A 57, 3233 ͑1998͒; 61, 022103 ͑2000͔͒ on the invariant representations of finite rotation matrices ͑FRM's͒ of integer rank j ͑in terms of tensor products of vectors connected with a space-fixed reference frame͒ are generalized here for the general case of arbitrary ͑i.e., integer or half-integer͒ rank j. This extension is carried out by using new spinor representations of FRM's in terms of specially introduced spinor-annihilation operators. We demonstrate that all widely used, standard representations of FRM's follow as special cases of our invariant representation for particular parametrizations of the rotation parameters. As the simplest application of invariant spinor representations of FRM's, the factorized form of Wigner d j (␤) matrices with an arbitrary rank j is obtained as a product of two triangular matrices composed of various powers of cos(␤/2).
I. INTRODUCTION
Finite rotation matrices ͑FRM's͒, R km j (⍀), are basic objects of the quantum theory of angular momentum ͑see, e.g., Ref. where T jm and T jm are the components of an irreducible tensor T j of rank j, given in the ''old'' ͑space-fixed͒ frame K and in the ''new'' ͑rotated͒ frame K , respectively; and ⍀ denotes three rotation parameters ͑e.g., in the case of Wigner D functions ͓2͔ they are Euler angles ␣,␤,␥). Recently in Ref. ͓3͔ ͑which will henceforth be referred to as I͒ we introduced the so-called invariant representations of FRM's ͑i.e., having explicit tensor forms͒, which are useful, in particular, for analyses of angular distributions in processes involving polarized particles. Our invariant representations are written for symmetrized combinations of R km j (⍀), i.e., the ''parity-projected'' FRM's, which are defined by ͓4͔
where p ϭ0 ( p ϭ1) for even ͑odd͒ parity. Parity-projected FRM's are closely related with the ''real'' representations of FRM's ͓5͔. Moreover, parity-projected Wigner D functions ͑or d j (␤) matrices͒ naturally appear in three-body problems having definite parity ͑see, e.g., Refs. ͓6͔ and ͓7͔͒.
It was shown that parity-projected FRM's can be expressed in terms of the linear combination of tensor products of two spherical harmonics ͑bipolar harmonics͒ depending on two vectors, n and nЈ, connected with the fixed frame K. In I several alternative forms for FRM's were obtained for special choices of the vectors n and nЈ. The most general result may be presented as ͓cf. is the so-called ''minimal bipolar harmonic'' ͑MBH͒, where C a␣b␤ c␥ is a Clebsh-Gordan coefficient. The vector n is directed along the z axis of the fixed frame K and the vector nЈ lies in the zx plane. ͓Thus the angle is the free parameter, and the three independent real parameters of the rotation ⍀ in our approach are determined by the angular coordinates of n and nЈ in the ''new'' ͑or rotated͒ frame K .͔ The term ''invariant'' for the representation of FRM's in the form ͑3͒ means that the entire dependence of the FRM R m Ј m j (⍀) on the tensor index m is concentrated only in the tensor projection m of the MBH's on the right-hand side ͑rhs͒ of Eq. ͑3͒. ͓The tensor sense of the index m is obvious from Eq. ͑1͒, which may be interpreted as the expansion of a tensor T jm ͑in the rotated frame͒ in (2 jϩ1) tensors R m Ј m j (⍀) enumerated by the ͑nontensor͒ index mЈ.͔ We use the term ''minimal bipolar harmonics'' for the parity-projected tensor products in Eq. ͑4͒ with index sϭ0,1, . . . , jϪ p , since they form the ͑minimal͒ basis set of (2 jϩ1) irreducible tensors in a space of tensors with an integer rank j. ͓There are ( j ϩ1) polar tensors for p ϭ0 and j axial tensors ͑pseudoten-sors͒ for p ϭ1.͔ This fact is obvious, since an arbitrary tensor can be presented as a combination of FRM's ͓see Eq. ͑1͔͒, and each of these FRM's has expansion ͑3͒ in terms of the set of MBH. The complete basis set of MBH was introduced for the reduction of bipolar harmonics of rank j involving internal tensors of higher ranks than j ͓8͔. These results provide great simplifications for the analysis of angular distributions in reactions involving polarized particles and in ␥-2e processes ͑see, e.g., Refs. ͓8͔ and ͓9͔͒. They are also useful in the analysis of other physical problems ͑see, e.g., Refs. ͓1͔ and ͓10͔͒.
Our derivations of invariant results for FRM's in I were based on the vector differentiation technique ͓8͔, and hence they are valid only for irreducible tensors with integer ranks j. In this paper we generalize these results and present invariant representations for FRM's which are valid for an arbitrary ͑either integer or half integer͒ rank j. This generalization is performed in Sec. III based on specially introduced ''spinor-annihilation'' (␦ ) operators ͑Sec. II͒, which are spinor analogs of the vector ٌ operators. The use of these ␦ operators leads to the main result of this paper, i.e., the ''differential'' spinor representation of the FRM ͓in Eq. ͑21͔͒ and explicit forms of FRM's in Eqs. ͑23͒ and ͑26͒, which are valid for both integer and half integer ranks j. In Sec. IV we demonstrate the reduction of our spinor representation for the FRM to the known invariant form for the case of integer j. Based on the invariant spinor representation, is possible to obtain in a convenient way many fundamental results of angular momentum algebra. In particular, this representation permits the analysis of some interesting algebraic properties of standard Wigner D functions:
Namely, in Ref.
͓4͔ it was found that, for integer rank j, the parity-projected d j (␤) matrix d j p (␤) can be presented as a product of two triangular matrices composed of Gegenbauer polynomials C n ␣ (cos ␤) having positive and negative upper indices ␣, respectively. Based on the invariant spinor form of the FRM, in Sec. V we obtain the factorized form of the standard ͑not ''parity-projected''͒ d j (␤) matrix with an arbitrary j as a product of two triangular matrices composed of various powers of cos(␤/2). Finally, all known standard parametrizations of FRM's may be obtained as special cases of our invariant results for particular parametrizations of the rotation parameters ⍀. As an example, in Sec. VI we demonstrate the reduction of the ''differential'' spinor representation of the FRM in Eq. ͑21͒ to explicit expressions for the FRM in Euler's parametrization ͓2͔ as well as in the (n,) parametrization involving the direction of the rotation axis n and the rotation angle ͓11,12͔.
II. TENSOR PRODUCTS OF IDENTICAL SPINORS AND SPINOR-ANNIHILATION OPERATORS
Below we shall obtain an invariant representation of R km j (⍀) with arbitrary rank j ͑either integer or half integer͒.
It is obvious that to generalize the results valid for spherical tensors with integer ranks to the case of half integer j one needs to use the spinor formalism. Let us first introduce some spinor algebra notations. We use below the Greek letter for a spinor as such, while its components we denote as , ϭϮ1/2. We use in this paper the following definition for the scalar product of irreducible tensors A j and B j in terms of the standard irreducible tensor product ͕A j B j ͖ km ͓1͔:
Thus the scalar product of spinors and is
In particular, (•)ϭ0. An arbitrary spinor can be expanded in two base spinors, ␤ (ϩ1/2) and ␤ (Ϫ1/2) , as follows:
where the orthonormalization properties of the base spinors
͑7͒
Note that for simpler presentation of the results below, our definition for the components of spinors ␤ (Ϯ1/2) differs from the standard definition ͓1͔ of components of spin-1/2 functions (1/2)m with mϭϮ1/2.
We use the notation ͕͖ a␣ for the irreducible tensor of rank a and component ␣ which is the tensor product of 2a spinors ,
͑8͒
This definition is similar to that introduced for the case of identical rank-1 tensors ͑vectors͒ in Ref. ͓8͔ ͑see also Refs. ͓13͔ and ͓14͔͒ where a number of general properties of such tensor products are discussed. In particular, the tensor product ͑8͒ does not depend on the coupling scheme of spinors in accordance with the identity
͑9͒
which can be proved using the tensor recoupling rules ͓1͔. Inserting Eq. ͑6͒ into Eq. ͑8͒, we obtain
where ( b a ) is the binomial coefficient. The tensor product of ␤ (Ϯ1/2) spinors is easily calculated using Eq. ͑7͒ and the relation C aabb aϩbaϩb ϭ1:
͑11͒
Finally, using Eqs. ͑10͒ and ͑11͒ as well as known analytical results for Clebsh-Gordan coefficients ͓1͔, we obtain the following explicit expression for ͕͖ a␣ in terms of spinor components :
The key aspect of our further considerations is our use of ''spinor-annihilation operators,'' ␦ . We introduce such operators in an invariant way,
where and are arbitrary spinors. In terms of spinor components, the definition ͑13͒ is equivalent to the following:
or, more generally,
where ␦ ␣,␤ is the Kronecker symbol. It is seen from these equations that the spinor operators ␦ annihilate the spinors .
Using Eqs. ͑12͒ and ͑15͒ one may verify two important relations involving tensor products of ␦ operators, ͕␦ ͖ jm :
͑17͒
In particular, ͕␦ ͖ a␣ ϭϪͱ2␦ a,0 . We note also the simple
͑18͒
which is obvious from the definition of the scalar product in Eq. ͑7͒ and also because ͑after the annihilation of two spinors ) a tensor having rank j cannot be composed of 2 jϪ2 spinors . Thus the spinor-annihilation operator ␦ in the space of tensors composed of spinors may be considered as the spinor generalization ͑valid for any j) of the vector gradient operator, ٌ, operating in the space of tensors composed of vectors r. This analogy is supported by the comparison of the definition ͑13͒ with the vector identity,
Moreover, the identity ͑18͒ with ␦ →ٌ and →r is also valid since the tensor product ͕r͖ jm obeys the Laplace equation. One additional property of ␦ operators that is similar to that for ordinary differential operators and that is useful in concrete applications is given in Eq. ͑A1͒ in the Appendix.
III. SPINOR REPRESENTATIONS OF FRM
To obtain the representation of FRM in terms of the spinor constructions introduced in the previous section, let us consider the scalar product (T j •͕͖ j ), where T j is an arbitrary tensor of rank j ͑either integer or half integer͒. In view of the invariance of the scalar product, we have
where the superscript tilde means that components of and T j are defined in the rotated coordinate frame K . Acting on both sides of this equation with the operator ͕␦ ͖ jm ͑where ␦ is the spinor-annihilation operator in the frame K ), we obtain
͑20͒
Since ␦ and are defined in the same frame K , we can explicitly calculate the left-hand side ͑lhs͒ of Eq. ͑20͒ using Eq. ͑16͒ ͑assuming ␦ does not act on T kq ). Then after the comparison of the result with the definition of the FRM in Eq. ͑1͒ we obtain the ''operator representation'' of the FRM:
͑21͒
Note that the tensor product of ␦ operators in this equation must be calculated in the rotated frame K , while the product of spinors is defined in the ''old'' frame K ͓and thus the result in Eq. ͑16͒ is not applicable here͔. We use the term ''invariant representation of the FRM'' for the result on the rhs of Eq. ͑21͒ because it depends on the projections m and k only through invariant tensors and does not depend explicitly on the rotation parameters. Equation ͑21͒ is the spinor analog of the invariant ''differential'' representation of the FRM in the tensor form ͓see Eq. ͑24͒ in I͔:
An explicit form of the invariant representation of FRM in terms of tensor products of base spinors ␤ (␣) of the old frame K can be derived after the substitution of Eq. ͑12͒ into Eq. ͑21͒. In view of the invariance of a scalar product, the components Ϯ1/2 of the spinor in the frame K, which enter from Eq. ͑12͒, may be written as the scalar products ( •␤ (ϩ1/2) ) ͓cf. Eq. ͑6͔͒, calculated in the rotated frame K . Thus we have
where the components of all spinors ␦ , , and ␤ (Ϯ1/2) must be calculated in the same frame K . Note that one must distinguish between ␤ (Ϯ1/2) and ␤ (Ϯ1/2) , which are the base spinors of the frames K and K , respectively. Obviously, for the components of ␤ (Ϯ1/2) in the K frame Eqs. ͑7͒ are not valid. Below in the text ͑unless otherwise specified͒ we will use the notation ␤ (Ϯ1/2) for the components of spinors ␤ (Ϯ1/2) given in the K frame. ; ͑vii͒ Using the definition of a tensor product ͓cf. Eq. ͑4͔͒ one may express the rhs of Eq. ͑22͒ finally in terms of the following jm tensor:
where
and where
is the tensor product ͑8͒ of 2p spinors ␤ (ϩ1/2) ͑or ␤ (Ϫ1/2) ), whose components should be calculated in the ͑rotated͒ coordinate frame K . Obviously, these components are connected with standard components ␤ (␣) ͓see Eq. ͑7͔͒ in the ''old'' coordinate frame K. Moreover, this connection determines implicitly the dependence of the rhs of Eq. ͑23͒ on the rotation parameters ⍀. An alternative derivation of the key result in Eq. ͑23͒ is presented in the Appendix.
A more general representation of the FRM than that given in Eq. ͑23͒ may be derived if we rewrite the identity ͑6͒ as follows:
where aϵϪ(•␤ (Ϫ1/2) ) and bϵ (•␤ (ϩ1/2) 
͑25͒
We used in the above derivation the usual binomial formula. Inserting Eq. ͑25͒ into the rhs of Eq. ͑23͒, after some algebra we obtain the representation of the FRM containing free parameters -the components a and b of the ͑arbitrary͒ spinor in the coordinate frame K:
͑26͒
Note that the tensor product on the rhs of this equation should be calculated in the rotated frame K ͓cf. Eq. ͑23͔͒.
The new representations of the FRM with an arbitrary rank j in Eqs. ͑23͒ and ͑26͒ together with the formal ''differential'' representation in Eq. ͑21͒ are our main results. All of these representations have an explicitly invariant tensor form since their entire dependence on the tensor index m is concentrated only in the tensor projection on the rhs of Eqs. ͑21͒, ͑23͒, and ͑26͒.
The result in Eq. ͑26͒ together with the transformation rule in Eq. ͑1͒ proves that an arbitrary irreducible tensor of either integer or half integer rank j can be expanded on the basis of (2 jϩ1) ''minimal'' tensor products of the kind ͕͕͖ n/2 ͕͖ jϪn/2 ͖ jm ͑with nϭ0,1,2, . . . ,2 j), where and are ͑in general, arbitrary͒ spinors. In I we have shown that the set of minimal bipolar harmonics, Eq. ͑4͒, can also serve as a basis in the space of irreducible tensors of integer ranks. We do not present here the explicit connection between these two bases for the case of integer j, although it may be easily derived considering the transformation of the MBH under the rotation ⍀ with the use of the spinor representation ͑26͒ for the FRM in Eq. ͑1͒.
IV. CONNECTION TO THE CASE OF INTEGER j
In order to obtain the connection between invariant spinor representations of FRM and the representations in vector form presented in I, we transform Eq. ͑23͒ to the form
kу0, ͑27͒
where we have used the fact that the tensor product on the rhs of Eq. ͑27͒ does not depend on the coupling scheme for internal tensors. Note that for integer k the tensor product ͕␤ (Ϫ1/2) ͖ k may be written as ͓cf. Eqs. ͑8,9͔͒
Obviously, components of the tensor product of two spinors having the rank 1 are spherical components of a vector, v ϵ͕␤ (ϩ1/2) ␤ (Ϫ1/2) ͖ 1 . The components of this vector in the frame K may be easily calculated taking into account the identities in Eq. ͑7͒,
Thus, we obtain that vϭϪe 0 /ͱ2, where e 0 is the unit vector directed along the axis Z of the frame K. Similarly, in the K frame we have following relations:
while the components ͕␤ (Ϫ1/2) ␤ (Ϫ1/2) ͖ 1 with ϭ0 and ϭϪ1 are zero. Therefore we obtain another vector identity,
, where e Ϫ1 and e ϩ1 are the spherical unit tensors in the frame K. Thus, for integer values of j, Eq. ͑27͒ can be reduced to the known result for the FRM in terms of basis vectors of the ''old'' frame K ͓cf. Eq. ͑17͒ in I͔:
͑28͒
where the coefficients A jk are related to the C jk in Eq. ͑23͒:
Obviously, in a similar analysis for the case of half integer j we will have one ''uncompensated'' spinor ␤ () in the tensor product ͑27͒.
V. FACTORIZED FORM OF WIGNER MATRICES
Invariant spinor representations of FRM's may prove to be useful in various applications involving angular momentum algebra, especially those in which the tensor structure of the FRM provides more insight into the underlying physics of a process than does its explicit algebraic expression ͑e.g., as in the analysis of spin polarization effects͒. In addition, they also permit one to derive new representations of FRM's. As an example, we obtain below a new factorized form of Wigner functions for arbitrary values of j; this is similar to the results obtained in Ref. ͓4͔ ͑see also Ref. ͓7͔͒ for parityprojected matrices having integer j. We note first that Eq. ͑26͒ can be considered as a product of two triangular matrices. The explicit form of these matrices for the case of Euler's parametrization of the FRM, i.e., for Wigner D functions Eq. ͑5͒, can be obtained by considering the special case in which the spinor in Eq. ͑26͒ is the base spinor ␤ (ϩ1/2) of the rotated frame K . For this case, coefficients a and b ͑which are ''coordinates'' of the spinor ϵ␤ (ϩ1/2) in the K frame͒ are connected with the Euler angles ␣, ␤, ␥ as follows:
These identities follow immediately from Eqs. ͑1͒ and ͑6͒. The calculation in the K frame of the tensor product on the rhs of Eq. ͑26͒ can be performed explicitly by standard angular momentum algebra ͓1͔:
͑30͒
Here we have used Eqs. ͑11͒ and ͑12͒ for the calculation of ͕␤ (ϩ1/2) ͖ n/2 and ͕␤ (ϩ1/2) ͖ jϪn/2 , respectively.
Replacing the Clebsh-Gordan coefficient on the rhs of Eq. ͑30͒ by its analytic expression ͓1͔ and then inserting Eq. ͑30͒ ͓with the account of Eq. ͑29͔͒ into Eq. ͑26͒, we obtain ͑upon omitting the trivial dependence of the D functions on the angles ␣ and ␥) the following expression for the d km j (␤) matrix:
where j m ϭmin(jϪm, jϩk). Eq. ͑31͒ can be considered a matrix identity.
For a simpler presentation, it is convenient to introduce a slightly different matrix, d j , instead of the standard d j matrix:
where p,qϭ0,1,2, . . . ,2 j. Thus one may write the matrix identity in Eq. ͑31͒ in terms of the d j matrix as a factorized product:
where the matrix elements of the A and C matrices are
It is seen from the above equations that the matrix A is an upper-left matrix, while C is a lower left one; diagonal elements of both these matrices are equal to 1. It is an important fact that the matrix elements of the (2 jϩ1)-dimensional matrices AϵA (k) and CϵC (k) , where kϭ2 jϩ1, do not depend on the rank j, because it enters Eq. ͑33͒ only in the combination (2 jϪn), which determines the dimension of the matrices. As a consequence, the A (kϩ1) ͑or C (kϩ1) ) matrix can be calculated by simply adding one additional highest ͑or lowest͒ row to A (k) ͑or C (k) ). As an example, for jϭ1 we have
where the marked 2ϫ2 internal matrices in these equations are results for jϭ1/2. The matrix identity ͑32͒ can be explicitly inverted, as was done for the parity-projected d j p (␤) matrices ͓4͔. To demonstrate this, it is sufficient to consider the rotation of the tensor product defined by the lhs of Eq. ͑30͒ from the K to the K coordinate frames. In accordance with Eq. ͑1͒ we have
where the superscript ͑K͒ on the rhs of this equation means that the corresponding tensor product should be calculated in the K frame. It is evident that Eq. ͑34͒ can be written in matrix form ͑omitting once again the trivial dependence on ␣ and ␥):
or explicitly,
where the matrix B is
͑36͒
Comparing Eqs. ͑35͒ and ͑36͒ with Eq. ͑32͒, we obtain an explicit form for the matrix inverse of C:
VI. REDUCTION OF THE INVARIANT REPRESENTATION OF THE FRM TO STANDARD RESULTS
In what follows we shall demonstrate how known standard parametrizations of FRM's may be deduced as special cases of our invariant results. As may be seen from the general identity for the FRM, Eq. ͑21͒, in order to reduce this result for the case of a concrete parametrization of the rotation parameters ⍀ one needs to use the spinor transformation rule in terms of parameters that describe the chosen parametrization.
For the Wigner parametrization of ⍀, the spinor transformation rule in terms of Euler angles may be written as follows ͓1͔:
where the notations Ϯ1/2 ( Ϯ1/2 ) denote the components of the spinor in the ''old'' ͑''new''͒ coordinate frame. Upon inserting Eqs. ͑38͒ into Eq. ͑21͒, taking into account Eq. ͑12͒, we obtain ͑after some simple algebra͒ the following result:
The calculation of the action of the spinor annihilation operators in this equation ͓cf. Eqs. ͑13͒ and ͑14͔͒ gives
Here the sum over n defines the Jacobi polynomial P k (a,b) (cos ␤) ͓15͔ . Thus we have obtained the standard definition of Wigner's functions in terms of Jacobi polynomials ͓1͔:
Besides the Euler angles, another widely used parametrization of the rotation ⍀ for which FRM's have a simple analytical form is the (n, ) parametrization, where the unit vector n defines the rotation axis and is the rotation angle ͓11,12͔ ͑see also Ref. ͓16͔͒. In this parametrization the transformation rule for a spinor has the form ͓1͔ ϭ cos 2 Ϫiͱ3͕n ͖ 1/2 sin 2 . ͑40͒
Here we use the notation for the spinor whose components Ϯ1/2 are defined in the ''old'' frame K ͓cf. Eq. ͑38͔͒. From Eq. ͑21͒, it follows that
͑41͒
In order to calculate the tensor product on the rhs of this equation, we note that it is proportional to the spherical harmonic Ȳ a␣ (n),
where Ȳ a␣ (n) is a ''renormalized'' spherical harmonic, Ȳ a␣ (n)ϵͱ4/(2aϩ1)Y a␣ (n). The identity ͑42͒ may be understood by considering that after the action of the ␦ operators on the spinors , taking into account Eq. ͑40͒, the tensor of rank a on the lhs of Eq. ͑42͒ may be composed only of unit vectors n, whose angular representation is the spherical harmonic Y a␣ (n). The numerical coefficient A a in Eq. ͑42͒ may be calculated in an appropriate coordinate frame, the simplest of which is the frame having its Z axis directed along the vector n. In this coordinate frame the components of follow from Eq. ͑40͒:
Then, calculating the tensor product on the lhs of Eq. ͑42͒, we find for the coefficient A a the following chain of equations:
where the results on the second and third lines follow from Eqs. ͑12͒ and ͑14͒, respectively, and where a j () is the generalized character of the rotation group O͑3͒ ͑cf. Sec. 4.15 of Ref. ͓1͔͒. Inserting Eq. ͑43͒ into Eq. ͑42͒ and then that result into Eq. ͑41͒, we obtain
͑44͒
The result in Eq. ͑44͒ coincides with the standard definition of the FRM U m Ј m j (n,) for the case of the (n, ) parametrization ͓1,11͔.
We note also the parametrization of ⍀ in terms of CayleyKlein parameters, which are two complex numbers a and b normalized by the condition ͉a͉ 2 ϩ͉b͉ 2 ϭ1 ͓1,17͔. The con- (␣,␤,␥), respectively. It is seen from Eq. ͑29͒ that in the case when the ''free spinor'' coincides with the base spinor ␤ (ϩ1/2) of the ''new'' frame K , its components in the ''old'' frame K, a and b, are nothing else than Cayley-Klein parameters. Moreover, it is possible to write the tensor product in Eq. ͑30͒ in terms of a and b, thus obtaining the explicit representation of FRM's in terms of Cayley-Klein parameters ͓1,17͔. However, we do not present the derivation of this result here, because it is not used widely in physical problems.
VII. CONCLUSION
This paper completes our analysis of invariant representations of finite rotation matrices ͑see I and ͓4͔͒. In Sec. III we have obtained the most general invariant representations of the FRM, as they are valid for both integer and half integer j. We have also established the relation of these general spinor representations to both our previous results for integer j ͑in Sec. IV͒ and to the standard representations for FRM's ͑in Sec. VI͒. Besides applications to the general theory of angular momentum ͑demonstrated in Sec. V͒, invariant representations of FRM's are useful in physical problems because they provide a powerful tool for the analysis of general properties of a physical phenomenon based only on symmetry considerations, taking into account the invariant ͑e.g., vector or spinor͒ characteristics inherent to the concrete problem. These applications are based on an invariant ͑i.e., independent of a concrete coordinate frame͒ analysis of the fundamental mathematical objects of atomic theory, irreducible tensor operators T jm . The idea of an invariant parametrization of tensor operators was realized in I, where invariant representations of FRM's were introduced. Then, using the transformation rule ͑1͒, T jm ͑or more exactly, T jm , i.e., the operator T jm in an arbitrary reference frame K ) may be presented in terms of its jmЈ components in a suitable frame K and of invariant FRM's, without an explicit parametrization of the rotation ⍀ ͓see, e.g., Eqs. ͑53͒ and ͑54͒ in I for the case of integer j]. Moreover, the parameters which ͑im-plicitly͒ describe the rotation ⍀ ͑e.g., two noncollinear vectors or components of the spinor in a fixed coordinate frame͒ may be connected with some physical quantities inherent to the problem being analyzed. A number of examples have been presented in I. We emphasize only that such invariant methods are especially fruitful for the separation of kinematical ͑i.e., dependent on the geometry, polarization states, and momentum directions of the target and projectiles͒ from dynamical factors in cross sections of atomic collisions with photons and/or electrons. ␦ 's in Eqs. ͑14͒ and ͑15͒. In the third line term, the ␦ and components are introduced again ͑only with reversed indices͒ using once again Eq. ͑14͒ and the evident symmetry relation ␦ ϭ͑Ϫ1 ͒ 1/2ϩ ␦ ,Ϫ ϭϪ␦ .
͑A2͒
The case of a product of two n-linear forms may be analyzed similarly ͑e.g., for three-linear forms, six terms with products of three Kronecker symbols will appear in the second line, etc͒. Therefore, in the products of two n-linear homogeneous forms composed of ␦ 's and 's one can replace ␦ ↔Ϫ.
͓The necessity of the minus sign for odd n is evident from Eq. ͑A2͒.͔ To demonstrate the utility of Eq. ͑A1͒ in concrete calculations involving complicated constructions of spinorannihilation operators, we present an alternative derivation of the basic representation ͑23͒ for FRM's. With the use of Eq. ͑A1͒, the rhs of Eq. ͑22͒ may be written as follows:
͑A3͒
Here the calculation of the term on the rhs of Eq. ͑A3͒ is much simpler than the straightforward but lengthy approach described in Sec. III for calculating the lhs. Indeed, taking into account Eq. ͑13͒ and the independence of ͕ ͖ km of the coupling scheme of rank-1/2 tensors , one obtains
Calculating similarly the action of (␦ 
